Abstract. Scattering and decay processes of thermal bath particles involving heavy leptons can dump hot axions in the primordial plasma around the QCD phase transition. We compute their relic density, parameterized by an effective number ∆N eff of additional neutrinos. For couplings allowed by current bounds, production via scattering yields ∆N eff 0.6 and ∆N eff 0.2 for the cases of muon and tau, respectively. Flavor violating tau decays to a lighter lepton plus an axion give ∆N eff 0.3. Such values of ∆N eff can alleviate the tension between the direct local measurement of the Hubble constant H 0 and the inferred value from observations of the Cosmic Microwave Background, assuming ΛCDM. We analyze present cosmological data from the Planck collaboration and baryon acoustic oscillations with priors given in terms of the axion-lepton couplings. For axions coupled to muons, the tension can be alleviated below the 3σ level. Future experiments will measure ∆N eff with higher precision, providing an axion discovery channel and probing the role of hot axions in the H 0 tension.
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Introduction
Axion-like particles (ALPs) are motivated candidates for extremely light and weakly-coupled degrees of freedom beyond the Standard Model (SM). The motivation is notably robust for the QCD axion, as the Peccei-Quinn (PQ) mechanism is an elegant solution to the strong CP problem [1, 2] and it could account for the observed dark matter (DM) abundance [3] [4] [5] [6] [7] [8] [9] [10] [11] . Axion phenomenology is quite broad, detection strategies are multiple and complementary. Direct interactions with SM particles, unavoidably present for the QCD axion, are the subject of present and future searches [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
This paper focuses on a peculiar cosmological imprint: scatterings and decays of thermal bath particles can produce relativistic axions throughout the expansion history of our universe [22] [23] [24] [25] [26] [27] [28] . The resulting growth in the radiation energy density, traditionally parameterized by ∆N eff additional neutrino species, can be probed by observations of the Cosmic Microwave Background (CMB) and Baryon Acoustic Oscillations (BAO) [29] [30] [31] . The current best-fit value from the latest Planck 2018+BAO data [32] , N eff = 2.99 ± 0.17, is in agreement with the SM prediction, N eff(SM) = 3.046 [33] [34] [35] [36] [37] . Ongoing and forthcoming experimental efforts make the present time remarkably exciting. Current experiments [38] will reach a sensitivity ∆N eff ∼ 0.06 in the near future, whereas future CMB-S4 surveys forecast an improvement down to ∆N eff ∼ 0.024 [39] . As a useful benchmark, a 2σ detection with the latter sensitivity would require hot axions that were in thermal equilibrium at early times and then decoupled at temperatures T 10 GeV [28] . Combined with the complementary information from direct searches, this makes the next few years very promising for the quest for axions.
Recently, a mismatch between low and high redshift determinations of the Hubble constant H 0 triggered further interest in ∆N eff . The value inferred from CMB observations (assuming ΛCDM), H 0 = 67.27 ± 0.60 km s −1 Mpc −1 [32] , is in 3.6σ tension with direct measurements from supernovae, H 0 = 73.52 ± 1.62 km s −1 Mpc −1 [40] . The latter also include data from the latest GAIA release [41] . Such a tension, although weaker, also appears in other independent measurements of H 0 that probe the local universe and observations at high redshift (see, e.g., Ref. [42] ). Notably, BAO are a complementary probe that depend on an assumed expansion history of the Universe and on the product r s h [43, 44] , where r s and h are the sound horizon at radiation drag and the reduced Hubble constant h = H 0 /100 km s −1 Mpc −1 , respectively. An independent determination of r s would make it possible to infer the value of H 0 using BAO. Measurements of H 0 from BAO observations using r s from the CMB [45, 46] or from primordial deuterium measurements [47] , as in [48, 49] , are also in tension with the direct local measurement. The combination of CMB and BAO data leads to a 3.46σ disagreement. The tension persists even if we parameterize the cosmic expansion at low redshifts in a model independent way [50] , since supernova type Ia measurements (up to z ∼ 1) force H(z)/H 0 to be ΛCDM-like with deviations 5% at low redshift. Exotic dark energy models that change the expansion history at low redshift to reconcile the two H 0 measurements seem disfavored. Remarkably, having ∆N eff > 0 is a way to decrease the tension [50, 51] ; a combined fit [32] with the new 2018 Planck data, including lensing, BAO and the direct H 0 measurement [52] leads to N eff = 3.27 ± 0.15 and H 0 = (69.32 ± 0.97) km s −1 Mpc −1 .
Motivated by the above considerations, we study thermal production of axions coupled to heavy leptons. This mechanism is mostly active at temperatures around the lepton mass [22] , hence close to the QCD phase transition (QCDPT). 1 The resulting comoving relic abundance is quite large, since it is inversely proportional to the number of relativistic degrees of freedom that sharply decreases around this epoch. The consequence is of a twofold nature: future CMB experiments can observe axions; hot axions produced via this mechanism can alleviate the current H 0 tension. An estimate of ∆N eff via these couplings was provided in Refs. [22, 25, 27] . Here, we perform a careful analysis by computing the full cross-sections and solving the Boltzmann equations to compute the precise value of ∆N eff . Our results are valid also when a complete thermalization is never reached. With these results in hand, we re-analyze CMB and BAO data to reassess the H 0 tension in light of this theoretical framework.
We present axion interactions with heavy leptons in Sec. 2. After establishing the experimental bounds on such interactions, we compute in Sec. 3 the axion relic density for allowed couplings. The effect of such a hot axion population is parameterized by a number ∆N eff of additional neutrinos, as we quantify in Sec. 4. Up to this point, we only assume axion derivative coupling to leptons. In Sec. 5 we discuss the results in the context of the QCD axion. Then, we study how these hot axions and their theory based priors affect the tension in the measured value of H 0 in Sec. 6, and we give our conclusions in Sec. 7. We also provide detailed appendices with our calculations.
Axion Couplings
We introduce the operators that couple the axion to the visible sector and identify the couplings not excluded by current experiments. Within this allowed region, we compute the relic density and the consequent contribution to ∆N eff in Secs. 3 and 4, respectively.
Lagrangian
The Lagrangian for the class of theories considered in this work takes the form
In addition to the SM part and the axion kinetic and mass terms, we have axion effective interactions with SM fields. The axion field a can be thought as a light degree of freedom arising from the spontaneous breaking of a global symmetry. If the symmetry is broken only by the vacuum, the axion field a is a Goldstone boson and the low energy effective Lagrangian must be invariant under the continuous shift symmetry a → a + c, with c an arbitrary real constant. We immediately notice how the mass term breaks such a shift symmetry, thus the axion is a pseudo-Goldstone boson for m a = 0. We parameterize the interactions as follows
All operators are suppressed by the dimensionful parameter f , which we identify as the scale of spontaneous breaking for the global symmetry giving the axion. Such a parameter is also the cutoff scale for the effective theory considered here. The first type of interactions couples the axion space-time derivative with the spin-1 current J µ a built out of SM matter fields, whereas the second class of operators couples the axion to gauge bosons. Here, the index X runs over the SM gauge group, with X µν and α X = g 2 X /(4π) the associated field strength and gauge coupling constant, respectively. While the former are still invariant under the generic shift a → a + c, the same is not true for the latter; the total Lagrangian is invariant up to a total space-time derivative. This extra term is irrelevant for axion couplings to Abelian gauge bosons (such as the photon, X = γ). The same conclusion does not hold for an axion coupling to gluons (X = G). Upon using the conventional normalization C GG = 1, the coupling with gluons is only invariant under the discrete shift a → a + 2πf . This paper focuses on axion production via processes involving leptons. We decompose the leptonic currents into diagonal and off-diagonal parts in flavor space
Vector currents are conserved for diagonal couplings, hence only axial-vector currents give a physical
On the contrary, we consider both vector and axial-vector currents for the off-diagonal part
where we can assume the matrix coefficients V and A to be real, since we will always use them for tree level calculations. The effective theory in Eq (2.1) with the interactions given in Eq (2.2) has several free parameters. We identify three benchmark theories we are interested in, defined as follows.
• Leptophilic ALP: The axion interacts only with leptons. This could correspond to the case where the global symmetry whose breaking yields a is broken only by the vacuum, in which case the axion is a true Goldstone boson. Even a small explicit breaking due to m a = 0 would fit within this class of theories, as long as interactions with gauge bosons are still forbidden at the cutoff scale. As discussed below, radiative corrections generate these interactions [55] with a scaling C γγ ≈ c m 2 a /m 2 . Providing a small amount of the shift symmetry breaking, the axion mass is much smaller than the lepton masses and so the loop-induced coupling can be neglected.
• Lepto and Photophilic ALP: Along with lepton couplings, we also allow order one interactions with photons. Note how, even if we assume C γγ O(1), the interaction with photons is suppressed by the loop factor α em /(8π) with respect to the one with leptons. Although this does not affect our cosmological study, the additional coupling with photons are probed by axion searches [12, 13, 16, 17, 20] and they can potentially exclude regions of the parameter space.
• QCD Axion: The axion field arises from the breaking of a PQ symmetry, with consequent interactions with gluons. We employ the conventional normalization C GG = 1 in Eq. (2.2). Barring finely-tuned cancellations between UV and IR contributions, interactions with photons C γγ O(1) are also generically present. Moreover, the coupling with gluons is a source for an axion mass term due to QCD instantons.
The first class of theories has the minimal ingredients needed for our cosmological study. As shown in Sec. 3, axion production in the early universe via lepton scattering and decay is mostly active at temperatures around the mass of the heaviest lepton involved in the process. Given the numerical values for our cases (m τ 1.77 GeV and m µ 105 MeV), axions are produced via these channels at quite low temperatures around or below the QCDPT. On the contrary, production via gauge boson scattering is peaked at high temperatures [23, 24, 26] and it is a subdominant contribution at the QCDPT. For this reason, we focus on axion production via processes involving leptons in Secs. 3 and 4. The impact of having an order one coupling to photons or gluons is deferred to Sec. 5, where we discuss complementary constraints within the context of the QCD axion.
Experimental Constraints on Axion-Lepton Couplings
Before exploring early universe physics, we identify the phenomenologically viable couplings. A summary of these constraints can be found in table 1 of Ref. [27] . Here, we add a discussion on the applicability of some of such bounds, such as the model dependence of the loop induced constraints and the robustness of the supernova bounds on the axion-muon coupling.
A direct coupling to electrons is strongly constrained by stellar cooling [53] f /c e 5 × 10
This case is uninteresting for our purposes, since ∆N eff for such a large value of f /c e is negligible. For this reason, we assume this coupling to be much smaller than the ones to heavier leptons.
Stellar physics can also bound couplings to muons. However, muons are too heavy to be produced in main sequence stars and one has to consider hotter environments in order to derive meaningful bounds. Ref. [25] found f /c µ 6×10 6 GeV by applying the constraint from the supernova (SN) 1987A explosion with T 30 MeV. We revisit this constraint in App. A, showing how the numerical bound has a strong dependence on the supernova temperature; as we vary the SN temperature in the window 20 − 60 MeV, the lower limit on f /c µ spans the range 10 6 − 10 9 GeV. Another legitimate concern is the assumption of a muon thermal spectrum during the explosion; the supernovae temperature is always much smaller than the muon mass, which in turn implies a large uncertainty in the initial muon abundance.
A more robust bound arises from radiative corrections. Indeed, interactions with electrons are induced at one-loop if the axion couples with a heavier lepton at tree-level. We defer the details of the calculation to App. B and we just quote the results here
The correction is proportional to m 2 and it is more relevant for the tau-philic case. This constraint is model dependent as it relies on the evolution of the axion-electron coupling with the energy scale, which depends on the UV details of the model. Finally, a derivative coupling to leptons also induces a C γγ ≈ c m 2 a /m 2 [55] , and this is always negligible (C γγ 10 −16 ) for m a O(eV). We conclude with bounds on the non-diagonal couplings from rare lepton decays [56, 57] f /c µe 3 × 10 9 GeV , (2.9)
Here, we define the effective coupling c ≡ V 2 + A 2 . We will focus on c τ e and c τ µ , as the above constraints make the c µe case uninteresting.
Production of Hot Axions in the Early Universe
Scattering and decay processes of thermal bath particles dump hot axions in the early universe.
The number density n a of axions can be tracked down by solving the Boltzmann equation
Here, n eq a is the axion equilibrium number density. The dilution due to the expansion is captured on the left-hand side by the Hubble parameter
with the last expression valid for a radiation dominated universe with g * relativistic degrees of freedom. The effect of number changing processes is captured by the right-hand side.
For a generic scattering process B 1 B 2 → B 3 a, with B i thermal bath degrees of freedom, the associated rate reads [58] [59] [60] 
The cross section σ B 1 B 2 → B 3 a is multiplied by the Moeller velocity v rel , and such a product is averaged over a thermal ensemble. For production via bath particles decays B 1 → B 3 a, the associated expression for the rate reads [60, 61] 
where Γ B 1 → B 3 a is the rest frame decay width and K 1 and K 2 are modified Bessel function of the second kind. The cross section appearing in Eq. (3.3) and the decay width in Eq. (3.4) are evaluated by averaging and summing over initial and final states, respectively. Multiplicity factors (accounting for helicity, colors, etc.) appear in the number density functions. Explicit expressions for cross sections, decay widths, equilibrium densities n eq i and details about the thermal average procedure can be found in App. C.
We introduce the dimensionless axion comoving number density Y a = n a /s, in so doing scaling out the effect of the Hubble expansion. The entropy density reads s ≡ 2π 2 g * s T 3 /45, with g * s not the same as g * (the one in Eq. (3.2)). A convenient "time variable" is the inverse temperature x = m /T , with the heaviest lepton involved in the processes under consideration. In terms of these variables, the Boltzmann equation reads
where Y eq a = n eq a /s and we define the effective rates γ S,D ≡ n eq a Γ S,D . It is instructive to derive an approximate analytical solution, valid upon neglecting the temperature dependence of g * and g * s [28] . Within this approximation, the Hubble parameter and the entropy density scale as H = H(m ) x −2 and s ≡ s(m ) x −3 , whereas the rates for scattering approximately scale as γ S ≡ γ(m ) x −4 e −x . Once we impose Y a (x = 0) = 0 as the initial condition, we find the solution
where r ≡ (Γ S /H) T =m . The asymptotic value at small temperatures, which as explained in the next section determines the effective number of additional neutrinos, results in
Before presenting numerical results, it is worth expanding our discussion on the temperature dependence of g * and g * s . Other than the logarithmic derivative appearing in Eq. (3.5), the shape of g * across the QCD phase transition also affects the temperature dependence of the function Y eq a . Given the value of the tau and muon masses, processes producing axions are mostly active around the QCD phase transition, so the temperature dependence of g * and g * s can potentially have an impact on our results. We numerically solve the Boltzmann equation by using the two different results for g * and g * s from Refs. [62] and [63] . The former provides a calculation within the framework of dimensionally reduced effective field theories, whereas the latter relies on lattice simulations. We take the range between the results obtained by employing the two different g * and g * s as the theoretical uncertainty of our prediction.
Axion Production for Diagonal Interactions
Kinematics only allow axion production via scattering for flavor diagonal interactions. Lepton pair annihilation can give an axion and a photon in the final state. Alternatively, leptons (or anti-leptons) can collide with a photon and produce an axion. The two processes read
The total rate, accounting for both contributions, results in
The factor of 2 in front of the second contribution accounts for production via both lepton and anti-lepton (this is justified since at T ≈ m we approximately have n eq − = n eq + ) .
Axion Production for Off-Diagonal Interactions
With off-diagonal leptonic currents, direct decays are kinematically allowed
The rate for these processes reads 12) where the factor of 2 accounts again for decays of both leptons and anti-leptons.
Numerical Solutions
We show numerical results in Fig. 1 for scattering (red lines) and decay (blue lines) involving the τ lepton. We choose here the values of g * and g * s from Ref. [63] . As manifest from the figure, and also as anticipated by the semi-analytical solution in Eq. (3.6), axions are produced mostly at temperatures T m τ . This feature is understood upon comparing the temperature dependence of the production rates with the one for the Hubble parameter, H T 2 /M Pl . For scatterings, the rate scales as Γ S ∝ (m /f ) 2 T , whereas for decays once one accounts for Lorentz time dilatation we find the scaling Γ D ∝ Γ ± → ± a (m /T ). 3 The ratio Γ S,D /H is saturated at small temperatures for both cases, until we get to values around m and the scatterers number density is Maxwell-Boltzmann suppressed. We also show the equilibrium density (dashed black lines), which is not constant due to the g * s temperature dependence. Larger couplings keep the axion in thermal equilibrium down to lower temperatures, so they result in a larger axion relic density and a larger contribution to ∆N eff , which we now quantify. 
Axion Contribution to ∆N eff
The output of the Boltzmann equation is the asymptotic value of Y a as a function of the axion coupling to leptons. This quantity is directly connected to the number of effective neutrinos, defined from the expression of the radiation energy density in the late universe as follows
In the absence of physics beyond the SM, the prediction is N eff(SM) = 3.046, 4 whereas the presence of axions results in the deviation
For a relativistic gas of bosons with g internal degrees of freedom we have 
since all production rates scale as (c /f ) 2 . This last expression is valid in the large f case, when axions do not thermalize. Similarly, one can solve the Boltzmann equation for the case of production via decays, finding the same asymptotic behavior at large f . A quantitative prediction for ∆N eff requires solving the Boltzmann equation numerically. We show in Fig. 2 the predicted ∆N eff as a function of f /c for = µ, τ and, in the case of tau decays, as a function of f /c τ, , where = e, µ. Given the hierarchy m τ m µ,e , the two decay channels have almost the same kinematics and the associated rates can differ only because of the value of c τ, . The two curves correspond to the use of two different g * and g * s [62, 63] . We will refer to the upper curve in the rest of the analysis. We observe a change in behavior between the small f regime, where equilibrium is reached, and the large f regime, where equilibrium is never reached. Scatterings with τ thermalize the axion if f /c τ 2 × 10 7 GeV, leading to ∆N eff 0.04 and reaching ∆N eff 0.2 at f /c τ 10 4 GeV. In the case of scatterings with muons, thermalization happens for f /c µ 3 × 10 6 GeV giving ∆N eff 0.33 and reaching ∆N eff 0.57 at f /c µ 10 4 GeV. We take 10 4 GeV as a benchmark lower bound, given the model dependence of the constraints discussed above. We could, in principle, explore even lower values of those couplings. Finally, for τ decays, axions thermalize for f /c τ l 2 × 10 8 GeV with ∆N eff 0.05 and giving ∆N eff 0.28 at f /c τ l [62] , in the lower line from [63] . We also show the analytical expectation, N eff ∝ f −8/3 , for non-thermalized axions. The orange bands represent the forecasted sensitivities for future CMB experiments [39] .
The coupling to gluons, as in Eq. (2.2) with the conventional normalization C GG = 1, induces a periodic potential from QCD non-perturbative effects. Upon expanding such a potential around the minimum, we find a zero-temperature axion mass [64, 65] The coupling to photons is typically expected to be C γγ O(1). The strongest bounds on these interactions come from the cooling of horizontal branch stars [66] f /C γγ 10 7 GeV , 2) and from the CAST experiment [12] f /C γγ 2 ). We show results for axion production via µ scatterings (blue), τ scattering (red) and τ decays (magenta). We do not show the parameter space corresponding to f /c τ < 3 × 10 6 GeV since it is ruled out by the constraints discussed in Sec. 2. Solid and dashed lines assume g * from Refs. [62] and [63] , respectively. The full Planck angular power spectra and BAO data were used in all cases.
For C γγ = O(1), this implies a range similar to the one obtained by imposing the axions to be relativistic at matter-radiation equality in Eq. (5.1). However, cancellations between model dependent and model independent contributions are possible, implying that the above bounds can be relaxed.
Another important constraint on the QCD axion comes from the SN 1987A cooling process due to coupling with nucleons [66] [67] [68] . Such bounds do not apply to an ALP coupled only to leptons, since no interactions with gluons and nucleons are induced at one-loop. The couplings to nucleons for the QCD axion are model dependent, since it also depends on the coupling to quarks; upon allowing cancellations [69] the bounds can be relaxed. Moreover, such bounds are rather uncertain due to complicated SN physics. With these caveats in mind, we take f 4 × 10 8 GeV as a reference value [66] and we find that a QCD axion can lead to an N eff ≈ 0.2 only for c µ or c τ of about 100, or for c τ ≈ 10 4 .
Cosmological implications of hot axions
Hot axions are a microscopic realization for the phenomenological ΛCDM+∆N eff model, hence providing a theoretical motivation for N eff > N eff(SM) = 3.046. In this section, we report the effects of hot axions on the cosmological parameters. Our results are valid either for massless or extremely light axions, as long as their mass does not affect cosmological observables. The tools we employ are the public Monte Carlo Markov chains from Planck Collaboration, 5 corresponding to ΛCDM+N eff (selecting only the posterior distribution within N eff > 3.046). We resort to the full Planck 2018 temperature, polarization and cross correlation angular power spectra [32] , along with BAO measurements from the last data release from BOSS [45] and lower redshift BAO measurements [70, 71] .
As a first step of our analysis, we assume flat priors on N eff in the range 3.046 ≤ N eff ≤ ∞ as done in Ref. [32] , or equivalently 0 ≤ ∆N eff ≤ ∞. Considering the range of ∆N eff accessible for each case in Fig. 2 , we derive the corresponding marginalized posterior distribution for log(f /c ) shown in Fig. 3 . We give results for both g * obtained by Refs. [62] and [63] shown by solid and dashed lines, respectively. The change of variable needed to obtain the posterior distribution requires the Jacobian factor d∆N eff /d log 10 (f /c ), and as emphasized in Sec. 3 axions are mostly produced around the QCDPT. As a result, the posterior distribution of log 10 (f /c ) may change dramatically for different choices of g * . Within this theoretical uncertainty, we conclude from Fig. 3 that axions produced via µ scattering indicate f /c µ ∼ 10 7 GeV, while if the production is driven by τ scattering we have f /c τ ∼ 10 4 -10 5 GeV or 10 7 -10 8 GeV. Finally, production via τ decays implies f /c τ ∼ 10 7 GeV or 10 8. 5 GeV.
However, one should note that a flat prior on ∆N eff disfavors large values of f /c ; the whole interval 10 9 GeV f /c 10 18 GeV predicts ∆N eff ∼ 0 (see Fig. 2 ). As we have shown in the previous section, ∆N eff is intimately related with the different couplings f /c . Therefore, we also perform the analysis starting from this theoretical prior knowledge rather than from a phenomenological model. We assume flat priors on log 10 (f /c ) on the range (f /c )| min < f /c < (f /c )| max , then we derive the corresponding priors on ∆N eff and finally we analyze the Planck chains applying these priors by importance sampling. The value (f /c )| min is determined by the experimental constraints, which, as we mentioned before, have some model dependences. The choice for (f /c )| max is more arbitrary. On purely theoretical grounds one could argue that the maximal scale is probably the Planck scale. Another sensible choice could be around 10 11 GeV. Indeed, the QCD axion would give too much DM for larger values, unless PQ is broken before inflation and not restored afterwards with a finely-tuned initial misalignment angle [72] . This discussion may seem purely academic, because the entire parameter range f /c 10 8 − 10 9 GeV gives a negligible effect on ∆N eff . However, a very large (f /c )| max combined with a flat prior on log 10 (f /c ) implies a large peak on the prior probability at ∆N eff → 0, which may artificially drive the posterior distribution towards such values. In order to show the dependence on such an assumption we consider the three different priors (f /c )| max = 10 18 , 10 11 , 10 8 GeV. The latter value corresponds to the maximum f /c for which ∆N eff is significantly different from zero, with the present experimental sensitivity. We refer the interested reader to App. D for more details on the priors on ∆N eff .
The marginalized constraints on the plane (∆N eff , H 0 ) are shown in Fig. 4 for the three possible channels of interaction between leptons and the hot axions and considering the three priors. Given that the priors are bimodal (i.e., they favor either ∆N eff ∼ 0 or ∆N eff ∼ 0.15-0.4, depending on the case), we obtain large tails towards large values of ∆N eff . However, the maximum values of ∆N eff are limited for each coupling, and the peak at large ∆N eff in the priors does not dominate over the peak at ∆N eff → 0. Then, the resulting H 0 values are lower than those obtained assuming standard ΛCDM+∆N eff , shown in the lower right panel of Fig. 4 . The only exception appears when the coupling with muons via scattering is assumed and the prior with the lowest upper bound for f is chosen, whose results are similar to the standard ΛCDM+∆N eff . Nonetheless, it is worth to emphasize that hot axions provide a motivation for ∆N eff , and that the results are qualitatively similar to those coming from a non motivated theoretical framework and follow, instead, a phenomenological parametrization.
We also evaluate the tension of the marginalized posterior distribution of H 0 from our results with respect to the direct measurement of H 0 . We assume a Gaussian posterior distribution for the direct measurement with mean 73.52 km s −1 Mpc −1 and width 1.62 km s −1 Mpc −1 [40] . To compute the tension, T , between two experiments which have measured values A and B:
In these expressions, σ i and σ * i correspond to the 68% and 95% confidence level error of the measurement i, respectively. Then, T can be interpreted as the distance in 68% errors between the two measurements. T * is the equivalent of T computed using the 95% confidence level errors instead, which is useful when the distribution is not Gaussian and σ * i = 2σ i . Thus, for Gaussian posteriors, T = T * .
Model Coupling
Prior The marginalised constraints on H 0 obtained for each coupling and prior choice are shown in Tab 1, along with the tension for the standard ΛCDM+N eff (where ∆N eff < 0 is allowed) and ΛCDM for comparison. In all cases, the full Planck 2018 angular power spectra plus BAO data are used. As can be seen, the maximum value of the marginalised posteriors and the uncertainties do not vary significantly for most cases. However there are two exceptions. On one hand, the errors on H 0 for the hot axions coupled with the muons and using the lowest upper bound of the prior on log 10 (f /c ) are larger than in the rest of the cases, especially towards higher values, because the constraints on ∆N eff are weaker in this case. The large tail towards higher H 0 supposes also that the tension reported obtained using the first expression in Eq. 6.1, T , is overestimated. The tension correctly computed in this case is 2.75, corresponding to the second expression in Eq. 6.1, T * . On the other hand, in the ΛCDM case with flat prior on ∆N eff , the constraints on ∆N eff and H 0 are again weaker. Note also that if N eff > 3.046 is not imposed, the errors on H 0 increase significantly, but the central value is shifted towards lower H 0 .
A positive contribution to the number of effective neutrinos is one of the preferred solutions to alleviate the tension between the different measurements of the Hubble constant. Although axions provide a motivated realization for ∆N eff = 0, the tension is generically only slightly reduced with respect to the one found assuming ΛCDM. Nonetheless, the tension decreases from 3.46 to 2.75 when one assumes that the axions are coupled to the muons via scattering and the prior on log 10 (f /c) with the lowest upper bound is used.
Conclusion
We have studied hot axions production through scatterings and decays of heavy leptons (muon and tau). Our results hold for a generic ALP as well as for the QCD axion. Axion production via fermion scatterings was originally proposed in Ref. [22] , previous estimates of ∆N eff due to leptons were given in Refs. [25, 27] . Here, we have computed cross sections and decay rates, we have evaluated the thermal averages of these quantities to find the temperature dependent production rates and we have numerically solved the Boltzmann equation to compute the axion abundance. As a final result, we have found the axion contribution to the effective number of additional neutrinos ∆N eff as a function of the axion couplings. As summarized in Fig. 2, couplings 
These scenarios provide a well motivated particle physics framework for ∆N eff > 0 that can be further explored by current and future experiments [38, 39] .
Given such results, we have also investigated the consequences for the current 3.6σ (3.46σ, combining with BAO) tension between high and low redshift measurements of the Hubble constant H 0 . As already explored, e.g., in [50] , large values of ∆N eff can alleviate the tension between the two datasets. Here, we have performed a similar analysis but with theorybased priors by choosing a flat prior in log(f /c ), with the axion-lepton effective coupling defined as c /f . Our findings feature some dependence on the maximum value considered in the prior distribution, (f /c ) max , since the probability of having very small ∆N eff is enhanced at large (f /c ) max . Values ∆N eff 0.2 are disfavored by the latest Planck 2018 temperature and polarization data combined with BAO data, so the tension cannot be completely erased by a non-vanishing ∆N eff . In the scenarios studied here and summarized in Tab. 1, we have also generically found moderate improvement in mitigating the H 0 tension. A notable exception is for hot axions produced via muon scattering and (f /c ) max 3 × 10 7 , where the tension is reduced to 2.75σ. Our findings provide a theoretically motivated origin for ∆N eff > 0 and motivate further studies of UV complete models with axions coupled to heavy leptons. Hot axions produced around or below the QCDPT open an exciting window to observe extremely weakly-coupled pseudo-scalars. Forthcoming results from CMB surveys and direct searches make the future of these hypothetical dark components of our universe very bright.
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A SN 1987A bound on the axion-muon coupling
In this appendix we reassess the bound on the coupling f /c µ derived in Ref. [25] , which relied on the observation of the neutrino burst from the SN 1987A. The presence of axions coupled to SM leptons would imply a shorter duration for the burst, with a consequent bound on the rate for energy loss per unit mass into axions [66] a < 10 19 erg s for a mass density ρ 3 × 10 14 g cm −3 and temperature estimated to be around T 20 − 60 MeV. The energy lost into axions coupled to a SM lepton ψ is given by [73] a = ζ [6] n ψ ρ
For the case of an electron the best bound comes from red giants and it is given in Eq. (2.6). For muons the best bound from stellar physics comes from the SN 1987A. However, as already emphasized in this paper, the muon abundance is highly uncertain. From now on, we assume a thermal spectrum with negligible chemical potential
The SN temperature, even if not known with high precision, is definitely below the muon mass. Upon expanding the modified Bessel function in this regime, which leads to a MaxwellBoltzmann muon number density n µ ∼ (m µ T ) 3/2 exp[−m µ /T ], we notice how the final result is exponentially sensitive on the exact SN temperature.
The resulting constraint in Fig. 5 on f /c µ shows the strong dependence on the precise value of T ; as we vary the temperature in the range T = (20, 60) MeV, the constraint varies from f /c µ > 10 6 to f /c µ > 10 9 GeV. Moreover, as we already mentioned in Sec. 2.2 there is a big uncertainty on the initial muon abundance. Recent numerical studies [74] have also pointed out that there could be a large muon chemical potential, so more precise calculations are needed in order to have a solid constraint on f /c µ from stellar physics.
B Radiative corrections to axion-lepton couplings
In this Appendix, we compute radiative corrections to axion couplings responsible for the bounds in Eqs. (2.7) and (2.8). Only SM neutral currents appear in the loop diagrams computed here; for this reason, only axion couplings to flavor diagonal currents are affected. We start from the following basis of operators
The reason for the superscript 0 is that the coefficients appearing in the above equations are bare couplings before renormalization. We assume these interactions to be generated at the cutoff scale Λ, which is of the order of the scale f suppressing the operators. Our goal here is to connect the UV values of the Wilson coefficients c with the correspondent IR quantities, which are the ones relevant for the experimental bounds. Given the wide scale separation between the UV cutoff scale Λ and the IR scale (the lepton masses m , where the loop correction is saturated), we only keep the leading logarithmic contribution proportional to log(Λ/m ) from the amplitudes and we neglect finite terms. As shown by the one-loop Feynman diagram in Fig. 6 , an axion coupled to heavy leptons also couples to electrons once radiative corrections are taken into account [75] . The amplitude for this diagram is infinite and we regularize the UV divergence by computing the loop integral in d = 4 − 2 dimensions. In order to perform the calculation of the diagram in Fig. 6 , we need to recall the weak gauge interactions between leptons and the Z boson
where g and c w are the SU (2) L gauge coupling and (the cosine of) the weak mixing angle, respectively. The expression is valid for any SM fermion f , with vector and axial-vector coupling to the Z boson given by the relations g
f is the value of the third component of the weak isospin, s w is the sine of the weak mixing angle an Q f is the fermion electric charge.
The loop diagram in Fig. 6 generates a (divergent) correction to the Wilson coefficients c appearing in Eq. (B.1). We are only interested in the correction to c e , so we will focus on this case. In order to properly subtract the divergence, we first identify the tree-level amplitude for the three-point amplitude with external axion, electron and positron
where k µ is the axion four-momentum and u and v are the Dirac spinors (also functions of the associated four-momentum). At one-loop, we get a contribution that results in
where the overall minus sign accounts for the fermion loop. It is convenient to rewrite the above one-loop amplitude in a compact form
where we define the loop function
The explicit evaluation of such a loop function is our next task. First, we take care of the denominators by using the Feynman parameters
We perform this change of variable in the definition of the loop function given in Eq. (B.6).
Terms in the integrand that are linear in l vanish by parity. Neglecting these pieces, as well as contributions whose trace over the Dirac indices is vanishing, we find 8) where in the second equality we evaluated the Dirac trace. We now compute the loop integrals.
As argued above, we only need to keep the divergent part of the diagram (i.e., the 1/ poles) and not the finite pieces. The relevant contributions are given by the expressions [76] 9) and they allow us to identify the 1/ poles in the loop function
We go back to the one-loop amplitude and we plug into Eq. (B.5) the loop function we have just computed. Before doing that, we observe that the axion is on an external leg, so we can impose the on-shell condition k µ k µ = k 2 = m 2 a . Within our framework, the axion is always assumed to be much lighter than the Z boson and any charged lepton, and this allows us to ignore the term proportional to k µ k ν in the loop function. Ignoring the axion mass also in the other part of the loop amplitude, and identifying the ratio between the masses of the lepton l and the Z boson m 2 /m 2 Z = 2λ 2 c 2 w /g 2 with λ the lepton Yukawa coupling, we find
The full amplitude for the three point function with axion, electron and positron on the external legs is given by the sum of the tree level part, given in Eq. (B.3), and the one-loop contribution given in Eq. (B.11). The sum explicitly reads
We make this amplitude finite through renormalization of the couplings, employing a massindependent subtraction scheme. where in the last step we have used the relations g A = g e A = +1/2. The physics behind the coupling evolution described by the above differential equation is identical to the one associated to mixing among axial-vector currents of SM fermions coupled to WIMP DM, first pointed out in Refs. [78, 79] . A complete RG treatment of the problem is not necessary in our case, since the lepton Yukawa couplings are much smaller than one and we never need to resum large logarithms. Instead, we approximately solve the above RG equation, ignoring the energy dependence of the lepton Yukawa coupling, and we find
In order to translate the bound above into a constraint on f /c , we need to choose a value for the cutoff scale Λ. We assume an order one coupling c O(1) and we identify the cutoff scale with f , finding
C Cross sections, decay widths and thermal averages
In this Appendix, we give details about the evaluation of cross sections and decay widths. 6 After presenting our calculations, we also provide a general equation to compute thermally averaged cross sections.
Scattering cross sections
For a scattering such as those in Fig. 7 , we introduce the Mandelstam variables
where we denote with p i and k the four-momenta of the bath particle B i and of the axion, respectively. Conservation of four-momentum implies the constraint s + t + u = i m 2 i . The Lorentz invariant cross section is defined as
The flux factor I is defined in terms of the initial four-momenta and it can be written in a manifest Lorentz invariant form
The Lorentz invariant phase space reads
The only remaining quantities to compute before integrating over the phase space are the squared matrix elements. We take them averaged and summed over initial and final polarizations, respectively. Once we have completed this task, it is straightforward to determine the scattering cross section, and we will compute the explicit form for each process analyzed in this paper. Since the cross section ultimately depends only on s, we can perform the phase space integration in any frame, as long as we express the final result in a manifest Lorentz invariant form. The center of mass (CM) frame is particularly convenient for this operation, and in this frame the differential phase space results in where we neglect the axion mass in the final state.
where we impose four-momentum conservation in the form q = p + k, and k is the fourmomentum of the axion. We square this matrix element, and we average over the two initial polarizations of the decaying particle The phase space integral is straightforward, and it ends up giving a factor
Thus the decay width results in
(C.36)
Thermally averaged cross sections
The scattering rate appearing in the Boltzmann equation, as defined in Eq. (3.3), has a thermal average of the total cross section times the Moeller velocity. Here, we provide a general equation that allows us to compute this quantity valid within the Boltzmann approximation for the phase space distribution functions, f (E) = exp[−E/T ]. Once we compute the Lorentz invariant expression for the total cross section, the thermal average reads [59, 60] σ Figure 8 . Prior probability density as a function of ∆N eff . The first line corresponds to τ -decay, the second to τ -scatterings and the third to µ-scatterings. The plots on the left are the original priors and the ones on the right are the modified priors that we used in the runs. The colors correspond to different values of (f /c )| max considered: (black, 10 18 GeV), (red, 10 11 GeV) and (blue, ∼ 10 8 GeV).
D Priors on ∆N eff from flat prior on log 10 (f /c )
In this final Appendix, we give explicit results for the priors on ∆N eff as they result from our choice of flat priors on log 10 (f /c ). The relation between log 10 (f /c ) and ∆N eff for the different cases studied in this work can be found in Fig. 2 . As discussed in Sec. 6, we consider three different upper bounds for (f /c )| max = 10 18 , 10 11 , 10 8 GeV. The resulting prior probability densities p(∆N eff ) are shown on the left column of Fig. 8 for each case and for different upper bounds on f /c . Note that large tails at ∆N eff ∼ 0 imply a significant fraction of the whole cumulative probability of the prior in that region. Indeed at large f /c we know that ∆N eff ∝ (f /c ) −8/3 and this implies that p(∆N eff ) ∝ 1/∆N eff . The interval ∆N eff ∼ 0 in the parameter space is however very difficult to sample practically and so, taking into account that the data is almost insensitive to variations in ∆N eff below 0.01, we slightly modify our prior: we use a step-like feature at very small ∆N eff in order to have a compromise between the cumulative probability of the prior and the technical issue of the sampling at low ∆N eff . The modified priors that we use are shown in the right column of Fig. 8 .
